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Abstract 

In the present work we analyze the g-essence model for the particular Lagrangian: L = 
R + 2[aX n + eY — V(tp,tp)]. The g-essence models were proposed recently as an alternative 
and as a generalization to the scalar k-essence. We have presented the 3 types solutions of 
the g-essence model. We reconstructed the corresponding potentials and the dynamics of the 
scalar and fermionic fields according the evolution of the scale factor. The obtained results 
shows that the g-essence model can describes the decelerated and accelerated expansion phases 
of the universe. 
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1 Introduction 

More than ten years after its initial discovery [T|-[2], cosmic acceleration remains an unsolved prob- 
lem. In fact, this phenomenon is so much at odds with conventional particle physics and cosmology 
that a solution might require a complete reformulation of the laws of physics governing both very 
small scales and very large scales. The contemporary models trying to explain cosmic acceleration 
using quantum field theory and general relativity fail to provide a convincing framework. The 
observational evidence from different sources for the present stage of accelerated expansion of our 
universe has driven the quest for theoretical explanations of such feature. At present, theoretical 
physics are faced with two severe theoretical difficulties, that can be summarized as the dark energy 
and the dark matter problems. Several theoretical models, responsible for this accelerated expan- 
sion, have been proposed in the literature, in particular, models with some sourses and modified 
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gravity, amongst others. The simplest model of dark energy is the cosmological constant, which is 
a key ingredient in the ACDM model. Although the ACDM model is consistent very well with all 
observational data, it faces with the fine tuning problem. 

During last years theories described by the action with the non-canonical kinetic terms, k- 
essence, attracted a considerable interest. Such theories were first studied in the context of k- 
inflation [3J, and then the k-essence models were suggested as dynamical dark energy for solving 
the cosmic coincidence problem @]-[B]. 

In the recent years several approaches were made to explain the accelerated expansion by 
choosing fcrmionic fields as the gravitational sources of energy (see e.g. refs. [5]-[3!5]). I n particular, 
it was shown that the fermionic field plays very important role in: i) isotropization of initially 
anisotropic spacetime; ii) formation of singularity free cosmological solutions; iii) explaining late- 
time acceleration. Quite recently, the fermionic counterpart of the scalar k-essence was presented 
in |12) and called for short f-essence. A dark energy model, so-called g-essence, has been proposed 
in [12) which is the more general essence model. In the present work, we construct the some 
cosmological solutions of the g-essence for the Lagrangian: L = R + 2[aX n + eY — V(ip, The 
formulation of the gravity-fermionic theory has been discussed in detail elsewhere [30]- [33]., so we 
will only present the result here. 



2 G-essence 

Let us consider the M34 - model. It has the following action [TJ] 

S= [ d 4 x^7j[R + 2K(X,Y,4>^^)}, (2.1) 



where K is some function of its arguments, is a scalar function, ip = (ipi, tp2, ip3> ^4) is a 
fermionic function and ip — ip + ~f° is its adjoint function. Here 

X = OXg^V^Vufr Y = 0.5#™^ - (D^)T^} (2.2) 

are the canonical kinetic terms for the scalar and fermionic fields, respectively. and are the 
covariant derivatives. The model (2.1) admits important two reductions: k-essence and f-essence 
(see below). In this sense, it is the more general essence model and in [TJ] it was called g-essence. 

The variation of the action (2.1) with respect to g^ v gives us the following energy-momentum 
tensor for the g-essence fields: 

2 SS 

= -=- = K x V„<t>Vv<t> + 0.5iK Y [JiTfrDurf - D^T v) ^] 

V 9 OQfiv 

- g^K = 2K x Xui tl ui l , + K Y Yu 2 ^u 2v - Kg^, (2.3) 

where Kx — OK/dX, Ky — dK/dY, ui^ — V M </>/ \/2X etc. The equation of motion for the scalar 
field 4> is obtained by variation of the action (2.1) with respect to 0, 

1 S S 

= {KxsT + KxxVWflV^Vvt + 2XK X4 , - K+. (2.4) 



V-9 <H 

Varying the action (2.1) with respect to <? M „ we get the Einstein equations 

2 5S 



-g 5g^ v 



- O.bRg^ - - 0, (2.5) 



where R^ v is the Ricci tensor. Similarly, from the Euler-Lagrange equations applied to the La- 
grangian density K we can obtain the Dirac equations for the fermionic field ip and its adjoint ^ 
coupled to the gravitational and scalar fields. 

With the general formalism described above, we are now interested to investigate cosmology. 
We now consider the dynamics of the homogeneous, isotropic and flat FRW universe filled with 
g-essence. In this case, the background line element reads 

ds 2 = dt 2 - a 2 (dx 2 + dy 2 + dz 2 ) (2.6) 
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3H 2 - p 


= o, 




2H + 3H 2 +p 


= o, 


K X 4>+(K X - 


\-3HKx)j>-Kt 


= o, 


K Y ip + 0.5(3HK Y - 


h Ky)^ - ij°K^ 


= o, 


K Y ij> + Q.5(3HK Y - 


h k Y )$ + iK^° 


= o, 




p + 3H(p + p) 


= o, 



and the vierbein is chosen to be 

(e%) = diag(l,l/a,l/a,l/a), (e*) = diag(l,a,a,a). (2.7) 
In the case of the FRW metric (2.6), the equations corresponding to the action (2.1) look like 

(2.8) 
(2.9) 
(2.10) 
(2.11) 

(2.12) 
(2.13) 

where the kinetic terms, the energy density and the pressure take the form 

X = 0.5<p 2 , Y = 0.5i(^7 ^ - ■^7°V') (2.14) 

and 

p = 2K X X + K Y Y - K, p = K. (2.15) 
Note that the equations of the M34 - model (2.8)-(2.13) can be rewritten as 

(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
(2.21) 

Finally we present the following useful formula 

K Y Y = 0.5iK Y (-ih ip - i>j°ip) = -0.5(1^ + K$$) (2.22) 
and the equation for u = ijjijr. 

[In (ua 3 K Y )} t u = -iKy\ty Kj - «VyV)- (2-23) 

2.1 Purely kinetic g-essence 

Let us consider the purely kinetic case of the M34 - model that is when K = K(X,Y). In this 
case, the system (2.8)-(2.13) becomes 

3H 2 - p = 0, (2.24) 

2H + 3H 2 +p = 0, (2.25) 

a 3 K x 4>-(T = 0, (2.26) 

a 3 K Y tf-Sj = 0, (2.27) 

a 3 K Y i/j* 2 -s* = 0, (2.28) 

p + 3H{p + p) = 0, (2.29) 

where a (?) is the real (complex) constant. Hence we immediately get the solutions of the Klein- 
Gordon and Dirac equations, respectively, as 





3H 2 - p 


= 0, 




2H + 3H 2 +p 


= 0, 


(a 3 


K x <P) t - a 3 K^ 


= 0, 


(a 3 K Y tf) t 


-2ij^(yty)j 


= 0, 


{a 3 K Y ^* 2 ) t 


+ 2iK^°) j 


= 0, 




p + 3H(p + p) 


= 0. 



Jk' (2 ' 30) 
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Also the following useful formula takes place 



X = ^T or K X = ^=. (2.31) 

It is interesting to note that for the purely kinetic g-essence the solutions of the Klein-Gordon and 
Dirac equations are related by the formula 

4> = a S rVf • (2.32) 

Let us conclude this section as: for the purely kinetic case K = K(X, Y) from (2.22) follows that 
Y = so that in fact we have K = K(X, Y) = K(X, 0) = K (X). So we will go further, having 
passed by this case. 

2.2 K-essence 

Let us now we consider the following particular case of the M34 - model (2.1): 

K = Ki = K\{X, (j)) (2.33) 

that corresponds to k-essence. Then the system (2.8)-(2.13) takes the form of the equations of 
k-essence (see e.g. [5]- [5]) 

3H 2 -p k = 0, (2.34) 

2H + 3H 2 +p k = 0, (2.35) 

K lx <j> + (K 1X + 3HK lx )j> - K l(j> = 0, (2.36) 

p k + 3H(p k + Pk ) = 0, (2.37) 

where the energy density and the pressure are given by 

p k = 2K 1X X - K u Pk =K 1 . (2.38) 
As is well-known, the energy-momentum tensor for the k-essence field has the form 

T^v = K X SI ^cjN v cj) - g^K = 2K x Xui ft Ui v - Kg^ = (p k + p fc )ui M ui„ - p k g^ v . (2.39) 
It is interesting to note that in the case of the FRW metric (2.6), purely kinetic k-essence and 
F(T) - gravity (modified teleparallel gravity) are eqivalent to each other, if a = e vT2 [7]- [5]- 

2.3 F-essence 

Now we consider the following reduction of the M34 - model (2.1): 

K = K 2 = K 2 (Y,iP,$) (2.40) 

that corresponds to the M33 - model that is the f-essence [T2"| . The energy-momentum tensor for 
the f-essence field has the form 

2 S S 

T^u = "~ ^==t = 0.5iK Y [^T^D^ip - D^T^ip] - 

V 9 Q9p.v 



- g^K = K Y Yu 2fl u 2ly - Kg^ v = (p f + pf)u 2 ^u 2v 




(2.41) 


For the FRW metric (2.6), the equations of the f-essence become [T^] 






3H 2 - Pf = 


0. 


(2.42) 


2H + 3H 2 +p f = 


0. 


(2.43) 


K 2Y ^ + 0.5(3HK 2Y + k 2Y )yj-i-f K 2 ^ = 


0. 


(2.44) 


K 2Y iJj + 0.5(3HK 2Y + K 2Y )i> + iK 2 ^° = 


0. 


(2.45) 


p f + 3H(p f +p f ) = 


0. 


(2.46) 


where 






Pf = K 2Y Y - if 2 , Pf = K 2 . 




(2.47) 



4 



3 Solutions 

Let us we present some solution of the g-essence (2.1). To do it, wc consider the case 

K = K{X, Y, V, i>) = aX n + eY - V(tp, tp). (3.1) 
Then the system (2.8)-(2.13) takes the form 

3H 2 -p = 0, (3.2) 
2H + 3H 2 +p = 0, (3.3) 
4>+[3H+(n-l)QnX) t ]i> = 0, (3.4) 
^ + 1.5ffV + *e _1 7% = 0, (3.5) 
ip + LSHij) - ie^V^ = 0, (3.6) 
p + 'SH(p + p) = 0, (3.7) 

where 

p = a(2n - l)X n + V, p= aX n + eY - V. (3.8) 
It has the following solution 



x = V^w< ^ 

Y = -^[H + an(^)^ (3.10) 

V = 3^-(2n-lK^)^, (3.11) 
K = -2H-3H 2 . (3.12) 

Now we would like to present some explicit solutions. Consider examples. 

3.1 Example 1: a = a t x 

Let us first consider the power-law solution 

a = a t x . (3.13) 

Then we get 



x - "fssp 1 (3 - 14) 

q\2 2 

V - ^-(i-lW^)*, (3.16) 

K - (3,7, 

Let us simplify the problem assuming that the potential has the form V — V(u). Then from 
(2.22)-(2.23) follows that 



As 



u=A, Y = e~ 1 V u u. (3.18) 



the expression for the potential takes the form 

V- = :U^^V U -(2»-l)al- ; . (3.20, 
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So finally we get the following solutions of the gravitational, Klein-Gordon and Dirac equations: 



a = dot , 



2n-l \ 2(2 „_ 1) / 22("-i) t 7^ 2„-i-3, 
2n - 1 - 3A I 



2A | a(2r»-l) 
-—^ 3A 



2 \ 2n-l 



2ti-l-6nA 
t 2n-l 



Cfe 



C 2tt-1-6mA 
t 2n-l 



(I = 1, 2), 
(fc = 3,4), 



where Cj obey the following condition 



If- 



then 



c = | C i| 2 + M 2 |-M 2 -|c4| 2 . 



In - 1 



3n 



X = 



Y = 2s- 1 



2n 2 a 2 al 



In- 1 



V = (2n - 1) 
2n- 1 



3n 
2n- 1 



2n 2 a 2 an 



3n 2 



Q 



2n 2 a 2 ap 



if = 



3n 2 



ea; 



C l-2n 



In this case the potential has the form 
V = V2n - -" ' 



3n 2 



2n 2 a 2 ag 



3„,\ 2n-l 



(3.21) 
(3.22) 

(3.23) 
(3.24) 

(3.25) 
(3.26) 

(3.27) 
(3.28) 

(3.29) 

(3.30) 
(3.31) 

(3.32) 



Finally, let us we present the expressions for the equation of state and deceleration parameters. 
For the our particular solution (3.13) they take the form 



2n n+l 
w = — 1 + 7, q 



2n- 1 



2n - 1 



(3.33) 



These formulas tell us that for n e (—1,0.5) [n e (— oo,— 1) and n e (0.5, +oo)] we get the 
accelerated [decelerated] expansion phase of the universe. 



3.2 Example 2: a = aosinh" 
As the second example we consider the solution 

a = a sinh m [/3t]. 

In this case, we have 

H = mf3 coth[/3i] , H = m,j3 2 sinlT 2 [fit] , 



eag S mh im [f3t] 



(3.34) 



(3.35) 



G 



and 



X = 



2n 2 o?a% sinh 6m [/3t]' 



Y = -2E- 1 



m(3 2 sinh 2 [ 



an 



a 



V = 3m 2 P z coth 2 [/3i] - (2n - l)a 



2n 2 a 2 a 6 smh 6m [pt] 
a 2 

M 2 oi 2 a% sinh 6m [/?i] 
K = -2ml3 2 smhT 2 [pt] - 3to 2 /3 2 coth 2 [/3t]. 

So finally we get the following solutions of the g-essence: 

a = a sinh m [/3i], 

dt 



_ 2(2n-l) 



Q 



aj- 6 sinh 1 - 5ro [/3t] 

Cfc 



a^sinh 1 - 5 ™^] 
and the following expression for the potential 



n 2 a 2 a% J s inh^[/3f] 
e- iD (I -1,2), 

e iD 0-3,4) 



V = Zm 2 B 2 1 



a(2n- 1) 



€ 2 d 2 u 2 N ^ 



2n 2 a 2 c : 



Here 



2ea|y 



m/3 2 sinh*™- 2 ^] + cm 



2n 2 a 2 ap 



sinh 2 "-i [/3i] 



(3.36) 

(3.37) 

(3.38) 
(3.39) 

(3.40) 
(3.41) 
(3.42) 
(3.43) 

(3.44) 
dt (3.45) 



and Cj obey the condition (3.25). The expressions for the equation of state and deceleration 
parameters take the form 



2 l2r „ n m- 1 + tanh 2 [/3tl 

to = -1 tanh 2 /ft, g = ^-i. 

3m m 



(3.46) 



These formulas tell us that this solution can describes the accelerated and decelerated expansion 
phases of the universe. 



3.3 Example 3: a = a^e^ 

Finally, we consider the following solution for the scale factor: 

a = a e^' (/? = const). 



In this case, we have 



and 



H = 0, H = 0, u 



2n 2 a 2 a%e^ t ' 



Y = -2e~ x an 



2n 2 a 2 a%e^ t 



V 
K 



3/3 2 - (2n - l)a 
-3/3 2 . 



2n 2 a 2 a 6 e e ^ 



(3.47) 
(3.48) 

(3.49) 
(3.50) 

(3.51) 
(3.52) 
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So finally we get the following solutions of the g-essence: 



y'h 




a^sinh 1 - 5 ™^*] 

Cfe 



a^sinh 1 - 5 ™^] 
and the following expression for the potential 

V = 3fi 2 ~ a(2n- 1) 



2^2,, 2 \ 2 



/ 1 9 

I t a u 



\2n 2 



(3.53) 
(3.54) 

(3.55) 

(3.56) 

(3.57) 



As is well-known that in this case the equation of state and deceleration parameters are: 

w = -l, q = -l. (3.58) 

4 Conclusion 

In this work we studied the g-essence model for the particular Lagrangian: L = R + 2[aX n + 
eY — V(i/j, ip)} which involves the scalar and fermionic fields. The g-essence models were proposed 
recently as an alternative and as a generalization to scalar k-essence. We have presented the 3 types 
solutions of the g-essence model. We reconstructed the corresponding potentials and the dynamics 
of the scalar and fermionic fields according the evolution of the scale factor. We calculated the 
equation of state and deceleration parameters for the presented solutions. The obtained results tell 
us that the model can describes the decelerated and accelerated expansion phases of the universe. 
We want, however, to conclude with more conservative viewpoint that further work is needed to 
understand whether g-essence can be relevant in realistic cosmology indeed. 
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